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On the irrationality of (4(2)

V. V. Zudilin

For complex ¢, |g| < 1, we define the quantity
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where o(n) is the sum of divisors of the positive integer n.

Theorem 1. When ¢ = 1/p, p € Z \ {0,%1}, the number (4(2) is irrational and its index of
irrationality satisfies the inequality p({q(2)) < 4.07869374 ... .

Recall that the index of irrationality p(a) of a number @ € R\ Q is defined as the least
upper bound of those p € R for which the inequality |a — a/b|] < |b|7* has a finite number of
solutions for a,b € Z. (Note that u(a) > 2 by Dirichlet’s theorem.) If p(a) < 400, we say
that « is a Liouville number. A theorem of Nesterenko [1] implies the transcendence of (4(2) for
any g € Q with 0 < |g| < 1, although it does not follow from general bounds for the measure of
transcendence [2] that this is a Liouville number.

We shall use standard g-notation [3]:
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For each n = 0,1,2,... we define numbers a; = a;n+1, j = 1,2,3, by = Bin+ 1, by =
Brn + 2, k = 2,3, where the integer parameters (directions) a; and B1, By satisfy the conditions
B1=0< aj <Pk, a1 + a2 + a3z < B1 + B2 + B3. Consider the g-basic hypergeometric series [3]
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where R(g;t) =

t

By decomposing R(g;t) as a rational function of 7' = ¢* into a sum of partial fractions and

performing the summation in (1), we arrive at the following assertion.

Lemma 1. Hy(q) = An(q)¢q(2) — Bn(q), where An(q) and By (q) are rational functions of the
parameter q.

Explicit formulae for A,(q) and trivial estimates for the series on the right-hand side of (1)
lead to the following result.

Lemma 2. For any q=1/p, p € Z\ {0, %1},
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To calculate the denominators of the rational functions A, (q), Bn(q) as in [4], [5] for linear
approximations to ((2), we apply a group & C &19 of permutations of the 10-element set

aj— B ifk=1,
coo = + — (a1 + a2 + as), Cik = ,k=1,2,3. 2
00 = (B2 + B3) — (a1 2 3) ik {Bk—aj k=23, J (2)
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This group has 120 elements, and the quantity

Hy(g)
[coon]q! [c21n]q! [caan]q! [c33n]q! [c317]4!

is invariant under its action. Moreover, the quantity Hy(q) itself is invariant under the action of
a subgroup &g C & of order 10. We put

~ ~ cooc21 + c31¢33 — c21c33  if c21 < €31
M := max {M(gc)}, M(c) := i R
€6y cooc31 + ca1¢c22 — c31¢c22  if c21 > e31,

w(z) := max{w(c; z) — w(gc; z)}, w(c; z) := |cooz]| + |c212] + |c222] + |e33z] + |€312],
gEeB

where ge denotes the action of the corresponding permutation on the set (2), | - | denotes the inte-
ger part function, and the function w(z) takes non-negative integer values and is 1-periodic. Also
let m1 > ma be two maximal elements standing in different places in the tuple ¢. The cyclotomic
polynomials ®;(x), and only these, occur in the decomposition of (z;z), into irreducible factors
(see, for example, [6], [7]), and the polynomial Dy, () := [];"_; ®;(x) is the least common multiple
ofz—1,22 —1,...,z2" — 1.

Lemma 3. Let Tn(p) := p~™M™ - Dyyn(p)Dingn(p) - [I™4" ®1(p)=“(™/V), where p = ¢~ €
Z\ {0,£1}. Then the coefficients of the linear form Hy(q) satisfy the inclusions I, (p)An(q),
In(p)Bn(q) € Z.

To study the asymptotics of IT,(p) as n — oo we apply the corresponding result [6] on the
asymptotics of Dy (p) and the g-analogue of the arithmetic scheme of Chudnovskii-Rukhadze—
Hata.

Lemma 4.
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where (z) is the logarithmic derivative of the gamma-function.

If Co > 0, then (4(2) is irrational for any ¢ = 1/p, p € Z \ {0, £1}, and pu({4(2)) < C1/Co.
Taking a1 = 5, ap = 6, ag = 7, B2 = 14, B3 = 15, we get Co = 38.00236293 ... and C; = 155,
which yields the bound in Theorem 1.

The g-arithmetic scheme and the g-hypergeometric construction of approximating linear forms
also enable us to sharpen the measures of irrationality [6], [7] for the quantities

H=y qn,1n2:oow, 1, 3
Cq(1) nz::ll_qn q(2) nz::l 1— ¢ lq] < (3)

which are the g-analogues of the (divergent) harmonic series and log 2, respectively.

Theorem 2. Forq =1/p, p € Z\{0,=£1}, the indices of irrationality of the numbers (3) satisfy
the inequalities p(Cq(1)) < 2.49846482. .., u(lng(2)) < 3.29727451 ... .
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