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�1978 £®¤ã�.�¯¥à¨ [1], [2] ¯à¥¤êï¢¨« ¯®á«¥¤®¢ â¥«ì­®áâ¨ à æ¨®­ «ì­ëå ¯à¨¡«¨¦¥­¨© ª �(2) ¨
�(3), ¤®ª §ë¢ îé¨¥ ¨àà æ¨®­ «ì­®áâì ª ¦¤®£® ¨§ íâ¨å ç¨á¥«. �¤­¨¬ ¨§ ª«îç¥¢ëå ¨­£à¥¤¨¥­â®¢
¤®ª § â¥«ìáâ¢  �¯¥à¨ ¡ë«¨ à §­®áâ­ë¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  á ¯®«¨­®¬¨ «ì­ë¬¨ ª®íää¨Ä
æ¨¥­â ¬¨ ¤«ï ç¨á«¨â¥«¥© ¨ §­ ¬¥­ â¥«¥© ãª § ­­ëå ¯à¨¡«¨¦¥­¨©. �¥¤ ¢­® �.�. �®à®ª¨­ [3] ¨
 ¢â®à [4], [5] ­¥§ ¢¨á¨¬® ¯®«ãç¨«¨  ­ «®£¨ç­®¥ à §­®áâ­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¤«ï �(4).
�®«ãç¥­­ ï à¥ªãàá¨ï ­¥ ¤ ¥â ¤¨®ä ­â®¢ëå ¯à¨¡«¨¦¥­¨© ª �(4) = �4=90, ¤®ª §ë¢ îé¨å ¨àà Ä
æ¨®­ «ì­®áâì, ®¤­ ª® ¯à¥¤áâ ¢«ï¥â ­¥ª®â®àë©  «£®à¨â¬ ¡ëáâà®£® ¢ëç¨á«¥­¨ï íâ®© ¯®áâ®ï­­®©.
�¥«ì ¤ ­­®© § ¬¥âª¨ { ãª § âì ­  ¢®§¬®¦­®¥ ®¡®¡é¥­¨¥ ãª § ­­ëå à¥§ã«ìâ â®¢ ¤«ï ç¨á«  �(5),
¨àà æ¨®­ «ì­®áâì ª®â®à®£® â ª ¤® á¨å ¯®à ¨ ­¥ ãáâ ­®¢«¥­ .

1. �®à¬ã«¨à®¢ª  ®á­®¢­®£® à¥§ã«ìâ â . � áá¬®âà¨¬ à §­®áâ­®¥ ãà ¢­¥­¨¥

(n+1)6a0(n)qn+1+a1(n)qn−4(2n−1)a2(n)qn−1−4(n−1)4(2n−1)(2n−3)a0(n+1)qn−2 = 0;
(1)

£¤¥

a0(n) = 41218n3 − 48459n2 + 20010n− 2871;

a1(n) = 2(48802112n9 + 89030880n8 + 36002654n7 − 24317344n6 − 19538418n5

+ 1311365n4 + 3790503n3 + 460056n2 − 271701n− 60291);

a2(n) = 3874492n8 − 2617900n7 − 3144314n6 + 2947148n5 + 647130n4

− 1182926n3 + 115771n2 + 170716n− 44541;

¨ ®¯à¥¤¥«¨¬ âà¨ «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨ï {qn}, {pn} ¨ {~pn} ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

q0 = −1; q1 = 42; q2 = −17934; p0 = 0; p1 =
87
2
; p2 = −

1190161
64

;

~p0 = 0; ~p1 =
101
2

; ~p2 = −
344923
16

(§¤¥áì ¨ ¤ «¥¥ á¨¬¢®«®¬ {xn} ¬ë ®¡®§­ ç ¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì {xn}∞n=0 = {x0; x1; x2; : : : }).

�¥®à¥¬  1. �®á«¥¤®¢ â¥«ì­®áâ¨

`n = qn�(5)− pn; ~̀n = qn�(3)− ~pn; n = 0; 1; 2; : : : ; (2)

â ª¦¥ ã¤®¢«¥â¢®àïîé¨¥ à §­®áâ­®¬ã ãà ¢­¥­¨î (1), §­ ª®¯®áâ®ï­­ë :

`n > 0; ~̀n < 0; n = 1; 2; : : : ; (3)
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¨ ¨¬¥îâ ¬¥áâ® ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï

lim
n→∞

log |`n|
n

= lim
n→∞

log | ~̀n|
n

= log |�2| = −1:08607936 : : : ;

lim
n→∞

log |qn|
n

= lim
n→∞

log |pn|
n

= lim
n→∞

log |~pn|
n

= log |�3|;
(4)

£¤¥
�1 = −0:02001512 : : : ; �2 = 0:33753726 : : : ; �3 = −2368:31752213 : : : (5)

{ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï �3 + 2368�2 − 752�− 16 à¥ªãàá¨¨ (1).

�â¬¥â¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ {qn}, {pn} ¨ {~pn} ï¢«ïîâáï §­ ª®ç¥à¥¤ãîé¨¬¨áï:

(−1)n−1qn > 0; (−1)n−1pn > 0; (−1)n−1 ~pn > 0; n = 1; 2; : : : :

�¥®à¥¬  1 ¤ ¥â  «£®à¨â¬ ¡ëáâà®£® ¢ëç¨á«¥­¨ï ç¨á«  �(5). �¬¥­­®, ¯®á«¥¤®¢ â¥«ì­®áâì à æ¨®Ä
­ «ì­ëå ç¨á¥« pn=qn áå®¤¨âáï ª �(5) á® áª®à®áâìî |�2=�3| < 1:42521964 · 10−4 (á¬. â ¡«¨æã).

n pn=qn |�(5)− pn=qn|
0 0 1:036927755 : : :

1 29
28 0:001213469 : : :

2 24289
23424 0:000000182 : : :

3 7682021239
7408444032 < 2:80 · 10−11

4 24943788950905
24055474286592 < 4:13 · 10−15

5 81875586674776013003
78959779279372800000 < 6:02 · 10−19

6 282653756112686336975107
272587704119854963200000 < 8:71 · 10−23

7 215903781003833520407770175189
208214873150908926517286400000 < 1:26 · 10−26

10 < 3:71 · 10−38

20 < 1:32 · 10−76

50 < 5:52 · 10−192

� «ì­¥©è¥¥ ¯®áâà®¥­¨¥ ãª § ­­ëå à¥è¥­¨© à §­®áâ­®£® ãà ¢­¥­¨ï (1) ¯à¨¢®¤¨â ª ¢ª«îç¥­¨ï¬

4D2
nqn ∈ Z; 4D7

npn ∈ Z; 4D5
n ~pn ∈ Z; n = 1; 2; : : :

(á¬. á®®â­®è¥­¨ï (14) ¨ (15)), £¤¥ Dn { ­ ¨¬¥­ìè¥¥ ®¡é¥¥ ªà â­®¥ ç¨á¥« 1 ; 2; : : : ; n, å®âï ¢ëç¨á«¥Ä
­¨ï ­  ®á­®¢¥ à¥ªãàá¨¨ (1) ¯®ª §ë¢ îâ, çâ®

qn ∈ Z; 2D5
npn ∈ Z; 2D3

n ~pn ∈ Z; n = 1; 2; : : : : (6)

�ª«îç¥­¨ï (6) ­¥ ¯®§¢®«ïîâ ¤®ª § âì ¨àà æ¨®­ «ì­®áâì ç¨á«  �(5), ¯®íâ®¬ã ¬ë ­¥  ªæ¥­â¨àã¥¬
¢­¨¬ ­¨¥ ­   à¨ä¬¥â¨ç¥áª¨å á¢®©áâ¢ å ¯®á«¥¤®¢ â¥«ì­®áâ¥© {qn}, {pn}, {~pn} ¨ ãª §ë¢ ¥¬ «¨èì
­  ¯à¨ª« ¤­®¥ §­ ç¥­¨¥ â¥®à¥¬ë 1.

2. �á¯®¬®£ â¥«ì­ë¥ à¥ªãàá¨¨. �®¢¥àè¥­­® ãà ¢­®¢¥è¥­­ë¥ £¨¯¥à£¥®¬¥âà¨ç¥áª¨¥ àï¤ë

rn = n!4
∞∑
k=1

(
k +

n

2

)∏n
j=1(k − j) ·

∏n
j=1(k + n+ j)∏n

j=0(k + j)6
;

~rn = −n!4
∞∑
k=1

(
k +

n

2

)∏n
j=0(k − j) ·

∏n
j=0(k + n+ j)∏n

j=0(k + j)6
;

n = 0; 1; 2; : : : ; (7)
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ï¢«ïîâáï Q-«¨­¥©­ë¬¨ ä®à¬ ¬¨ ®â 1 ; �(3); �(5):

rn = un�(5) + wn�(3)− vn; ~rn = ~un�(5) + ~wn�(3)− ~vn; n = 0; 1; 2; : : : :

�¥á«®¦­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®

r0 = �(5); r1 = 9�(5) + 33�(3)− 49; r2 = 469�(5) +
6125
4

�(3)− 74463
32

;

~r0 = �(3); ~r1 = 2�(5) + 12�(3)− 33
2
; ~r2 = 552�(5) + 1764�(3)− 43085

16
:

�à¨¬¥­ïï ª àï¤ ¬ (7)  «£®à¨â¬ á®§¨¤ â¥«ì­®£® â¥«¥áª®¯¨à®¢ ­¨ï [6, £«. 6] ¢ ¤ãå¥ à ¡®â [4], [5], [7],
¬ë ¯à¨å®¤¨¬ ª à §­®áâ­ë¬ ãà ¢­¥­¨ï¬

n(n+ 1)5b0(n− 1)un+1 − 2nb1(n)un − b2(n)un−1 + 2(n− 1)5(2n− 1)b0(n)un−2 = 0; (8)

£¤¥

b0(n) = −a0(−n); b1(n) = a2(−n); b2(n) = −a1(−n);

¨

n3(n+ 1)3~b0(n− 1)un+1 − 2n~b1(n)un − ~b2(n)un−1 + 2n(n− 1)4(2n− 3)~b0(n)~un−2 = 0; (9)

£¤¥

~b0(n) = 41218n7 + 35648n6 − 932n5 − 13190n4 − 5128n3 + 811n2 + 957n+ 174;
~b1(n) = 3874492n12 − 14084302n11 + 12425954n10 + 8641603n9 − 15230839n8 − 1369195n7

+ 8618417n6 − 623249n5 − 2785973n4 + 308165n3 + 495325n2 − 40670n− 37632;
~b2(n) = 2(48802112n13 − 201803328n12 + 267014032n11 − 69927236n10

− 95912858n9 + 37524471n8 + 30257812n7 − 9523224n6 − 8524312n5

+ 2138687n4 + 1507490n3 − 398634n2 − 111012n+ 33408):

�â¬¥â¨¬, çâ® ª ¦¤ ï ¨§ à¥ªãàá¨© (8) ¨ (9) ¨¬¥¥â ®¤¨­ ¨ â®â ¦¥ å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­
�3 − 188�2 − 2368�+4; ª®à­¨ íâ®£® ¬­®£®ç«¥­  �1; �2; �3, ã¯®àï¤®ç¥­­ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï
¬®¤ã«¥©, á¢ï§ ­ë á ª®à­ï¬¨ (5) á«¥¤ãîé¨¬¨ á®®â­®è¥­¨ï¬¨:

�1 = �1�2; �2 = �1�3; �3 = �2�3:

�¥®à¥¬  2. �®á«¥¤®¢ â¥«ì­®áâ¨ «¨­¥©­ëå ä®à¬ {rn} ¨ ¨å ª®íää¨æ¨¥­â®¢ {un}, {wn},
{vn} ã¤®¢«¥â¢®àïîâ à §­®áâ­®¬ã ãà ¢­¥­¨î (8). �à®¬¥ â®£® , ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­Ä
áâ¢ 

rn > 0; un > 0; wn > 0; vn > 0; n = 1; 2; : : : ; (10)

¨ ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï

lim
n→∞

log |rn|
n

= log �1; lim
n→∞

log |un|
n

= lim
n→∞

log |wn|
n

= lim
n→∞

log |vn|
n

= log �3: (11)
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�¥®à¥¬  3. �®á«¥¤®¢ â¥«ì­®áâ¨ «¨­¥©­ëå ä®à¬ {~rn} ¨ ¨å ª®íää¨æ¨¥­â®¢ {~un}, { ~wn},
{~vn} ã¤®¢«¥â¢®àïîâ à §­®áâ­®¬ã ãà ¢­¥­¨î (9). �à®¬¥ â®£® , ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­Ä
áâ¢ 

~rn < 0; ~un > 0; ~wn > 0; ~vn > 0; n = 1; 2; : : : ; (12)

¨ ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï

lim
n→∞

log |~rn|
n

= log �1; lim
n→∞

log |~un|
n

= lim
n→∞

log | ~wn|
n

= lim
n→∞

log |~vn|
n

= log �3: (13)

�â¬¥â¨¬, çâ® à¥§ã«ìâ â � á¨«ì¥¢  [8] ¨ ­ è  â¥®à¥¬  [4] (á¬. â ª¦¥ [9]) ® á®¢¯ ¤¥­¨¨ á®¢¥àè¥­Ä
­® ãà ¢­®¢¥è¥­­ëå £¨¯¥à£¥®¬¥âà¨ç¥áª¨å àï¤®¢ á ­¥ª®â®àë¬ ®¡®¡é¥­¨¥¬ ¨­â¥£à «  �¥©ª¥àá  [10]
¯à¨¢®¤ïâ ª ¢ª«îç¥­¨ï¬

2un ∈ Z; 2D2
nwn ∈ Z; 2D5

nvn ∈ Z;

2~un ∈ Z; 2D2
n ~wn ∈ Z; 2D5

n~vn ∈ Z;
n = 1; 2; : : : : (14)

� ª®­¥æ, ¨áª®¬ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (2) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

`n = ~wnrn − wn~rn = (un ~wn − ~unwn)�(5)− ( ~wnvn − wn~vn);
~̀n = un~rn − ~unrn = (un ~wn − ~unwn)�(3)− (un~vn − ~unvn);

n = 0; 1; 2; : : : ;

â ª çâ®

qn = un ~wn − ~unwn; pn = ~wnvn − wn~vn; ~pn = un~vn − ~unvn; n = 0; 1; 2; : : : : (15)

�«ï ¤®ª § â¥«ìáâ¢  ­¥à ¢¥­áâ¢ (3) ¨ ¯à¥¤¥«ì­ëå á®®â­®è¥­¨© (4) ®áâ ¥âáï ¢®á¯®«ì§®¢ âìáï ®æ¥­Ä
ª ¬¨ (10), (12), á®®â­®è¥­¨ï¬¨ (11), (13) ¨ â¥®à¥¬®© �ã ­ª à¥.

3. � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �àã£®©  «£®à¨â¬ ¡ëáâà®£® ¢ëç¨á«¥­¨ï �(5) ¨ �(3) (â ªÄ
¦¥ ­¥ ¯à¨¢®¤ïé¨© ª ¤®áâ â®ç­® å®à®è¨¬ ¤¨®ä ­â®¢ë¬ ¯à¨¡«¨¦¥­¨ï¬ íâ¨å ¯®áâ®ï­­ëå), ®á­®¢ ­Ä
­ë© ­  ¡¥áª®­¥ç­®¬ ¬ âà¨ç­®¬ ¯à®¨§¢¥¤¥­¨¨

∞∏
n=1


− n

2(2n+ 1)
1

2n(2n+ 1)
1
n4

0 − n

2(2n+ 1)
5

4n2

0 0 1

 =

 0 0 �(5)
0 0 �(3)
0 0 1

 ;

¯à¥¤«®¦¥­ ­¥¤ ¢­® �.�. �®á¯¥à®¬ [11]. �¤­ ª® ¢ ¯¨áì¬ å [11] ®âáãâáâ¢ã¥â ®¯¨á ­¨¥  ­ «¨â¨ç¥áª¨å
¨  à¨ä¬¥â¨ç¥áª¨å á¢®©áâ¢ ¢®§­¨ª îé¨å à æ¨®­ «ì­ëå ¯à¨¡«¨¦¥­¨©. �â¬¥â¨¬ â ª¦¥  «£®à¨â¬
�.�. � à æã¡ë [12] ¤«ï ¢ëç¨á«¥­¨ï ¤§¥â -äã­ªæ¨¨ �¨¬ ­  ¢ æ¥«ëå ¯®«®¦¨â¥«ì­ëå â®çª å.

�à¨¢¥¤¥­­ ï ¢ ¯. 2 áå¥¬  ¯®§¢®«ï¥â â ª¦¥ ¯®áâà®¨âì à¥ªãàá¨î âà¥âì¥£® ¯®àï¤ª  ¤«ï á®¢¬¥áâÄ
­ëå à æ¨®­ «ì­ëå ¯à¨¡«¨¦¥­¨© ª �(2) ¨ �(3). �¬¥­­®, à áá¬®âà¨¬ à §­®áâ­®¥ ãà ¢­¥­¨¥

(n+1)4~a0(n)qn+1−~a1(n)qn+4(2n−1)~a2(n)qn−1−4(n−1)2(2n−1)(2n−3)~a0(n+1)qn−2 = 0;
(16)

£¤¥

~a0(n) = 946n2 − 731n+ 153;

~a1(n) = 2(104060n6 + 127710n5 + 12788n4 − 34525n3 − 8482n2 + 3298n+ 1071);

~a2(n) = 3784n5 − 1032n4 − 1925n3 + 853n2 + 328n− 184;

¨ ®¯à¥¤¥«¨¬ âà¨ «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨ï {q′n}, {p′n} ¨ {~p′n} ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

q′0 = 1; q′1 = 14; q′2 = 978; p′0 = 0; p′1 = 17; p′2 =
9405
8

; ~p′0 = 0; ~p′1 = 23; ~p′2 =
6435
4

:
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�¥®à¥¬  4. (�­ ª®¯®«®¦¨â¥«ì­ë¥ ) ¯®á«¥¤®¢ â¥«ì­®áâ¨ {q′n}, {p′n} ¨ {~p′n},   â ª¦¥
¯®á«¥¤®¢ â¥«ì­®áâ¨

`′n = q′n�(3)− p′n; ~̀′n = q′n�(2)− ~p′n; n = 0; 1; 2; : : : ;

ã¤®¢«¥â¢®àïîâ ¯à¥¤¥«ì­ë¬ á®®â­®è¥­¨ï¬

lim
n→∞

log |`′n|
n

= lim
n→∞

log | ~̀′n|
n

= log |�2| = −1:31018925 : : : ;

lim
n→∞

log |q′n|
n

= lim
n→∞

log |p′n|
n

= lim
n→∞

log |~p′n|
n

= log |�3|;

£¤¥
�1;2 = 0:07260980 : : : ± i0:25981363 : : : ; �3 = 219:85478039 : : :

{ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï �3 − 220�2 + 32�− 16 à¥ªãàá¨¨ (16).

�  íâ®â à § ¢á¯®¬®£ â¥«ì­ë¬ à¥ªãàá¨ï¬ ã¤®¢«¥â¢®àïîâ £¨¯¥à£¥®¬¥âà¨ç¥áª¨¥ àï¤ë

r′n = −n!2
∞∑
k=1

∏n
j=1(k − j)∏n
j=0(k + j)3

; ~r′n = n!2
∞∑
k=1

∏n
j=0(k − j)∏n
j=0(k + j)3

; n = 0; 1; 2; : : : ;

ï¢«ïîé¨¥áï Q-«¨­¥©­ë¬¨ ä®à¬ ¬¨ ®â 1 ; �(2); �(3).
� ª ¦¥, ª ª ¨ ¢ á«ãç ¥ à §­®áâ­®£® ãà ¢­¥­¨ï (1), ï¢­ë¥ ¢ëç¨á«¥­¨ï ¯à¨¢®¤ïâ ª ¢ª«îç¥­¨ï¬

q′n ∈ Z; D3
np
′
n ∈ Z; D2

n ~p
′
n ∈ Z; n = 1; 2; : : : ;

çâ® §­ ç¨â¥«ì­® «ãçè¥ ®¦¨¤ ¥¬ëå.
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