Ŕàőąńěňă Łăâăńăŋă. II. Łàĺâěàĺľ Ňĺåăľńěáłã

Ŋăáâőïéăï čńăćă ŕőáćïéěŋă ďőłăğăâěńìáâćã áńěďãîéěčő őąőąéěŋĺï âěőàěňë Łăááěńáă.

Šěőàěňă 1 (Ňĺåăľńěáłã, 1999). Ěáńĺ p ĺ q { ŋěçěâŋëě ŕàőáâëě çĺáńă, ă ŋěŋãńěćëě çĺáńă x; y áćïğăŋë áőőâŋőèěŋĺěň x^p − y^q = 1. Šőčďă q^2 | x, p^2 | y ĺ

p^{q−1} ≡ 1 (mod q^2); q^{p−1} ≡ 1 (mod p^2): (1)

Řăğńĺçŋëě ćěàáĺĺ íâőčő ãâćěàęďěŋĺï á ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ ŋă ŋěçěâŋëě ŕàőáâëě ŕăàăňěâàë p; q ąěàãâ ŋăçăńő á àăąőâë Ĺŋłěàĺ [In]. Ć áńãçăě p ≡ q ≡ 3 (mod 4) âěőàěňă 1 ąëńă ďőłăğăŋă Ő’Ŋěľńőň [ON] ć 1995 č., ă áńãçăľ p ≢ q (mod 4) ąëń àăğőąàăŋ Ÿâăľŋěàőň [St] ć 1998 č. Őďŋăłő ďőłăğăâěńìáâćő ŇĺÄ åăľńěáłã [Mi1] ŋě àăğńĺçăěâ ŕàőáâëě çĺáńă p; q ć ğăćĺáĺňőáâĺ őâ őáâăâłă ŕő ňőÄ ďãńî 4. Ŕőíâőňã áńěďãîéěě ďăńěě ďőłăğăâěńìáâćő ŋě őŕĺàăěâáï ŋă ŕàěďëďãéĺě àěğãńìâăâë ć íâőň ŋăŕàăćńěŋĺĺ; ŕő-áãéěáâćã őŋő ćőáŕàőĺğćőďĺâ (á ŋěłőâőàëňĺ ĺğňěŋěŋĺïňĺ) őàĺčĺŋăńìŋőě ďőłăğăâěńìáâćő ĺğ [Mi1].

Ğăňěçăŋĺě. Łăł ŋěáńőęŋő ğăňěâĺâì, ć ŕàěďŕőńőęěŋĺïå âěőàěňë 1 ďőáâăâőçŋő ŕőłăğăâì, çâő x ≡ 0 (mod q^2); p^{q−1} ≡ 1 (mod q^2): (2)

Ďěľáâćĺâěńìŋő, ŕěàěŕĺáëćăï ãàăćŋěŋĺě Łăâăńăŋă ć ćĺďě (−y)^q −(−x)^p = 1, ĺğ (2) ŕőńãçăěň âăłęě p^2 | y ĺ q^{p−1} ≡ 1 (mod p^2).

Şáńőćĺě (1) őŕàěďěńïěâ âăł ŋăğëćăěňëě ŕăàë Ćĺäěàĺåă; ŋěŕőáàěďáâćěŋŋëě ćëÄ çĺáńěŋĺï ŕőłăğëćăîâ, çâő áàěďĺ ŕàőáâëå p; q, ãďőćńěâćőàïîéĺå ŋěàăćěŋáâćã 3 ⩽ q ¡ p ¡ 10^6, ĺňěěâáï àőćŋő âàĺ ŕăàë Ćĺäěàĺåă:

p = 4871; q = 83; p = 18787; q = 2903; p = 318917; q = 911: (3)

(Ňë ááëńăěňáï ğďěáì ŋă ćëçĺáńěŋĺï Ňĺŋìőââă, åőâï ŋĺçâő ŋě ňěèăěâ ŕàőďěńăâì ĺå áăňőáâőïâěńìŋő.)

Ďńï ďőłăğăâěńìáâćă âěőàěňë 1 ŋăň ŕőŋăďőąïâáï ŋěłőâőàëě äăłâë ĺğ ăńčěąàăĺÄ çěáłőľ âěőàĺĺ łàãčőćëå ŕőńěľ. Ŕãáâì p { ŋěçěâŋőě ŕàőáâőě çĺáńő, ı = ı_p = e^{2ßi=p} { ŕàĺňĺâĺćŋëľ łőàěŋì áâěŕěŋĺ p ĺğ ěďĺŋĺæë. Łăł ĺğćěáâŋő, ňĺŋĺňăńìŋëň ňŋőčőçńěÄ ŋőň çĺáńă ı ïćńïěâáï

x^{p−1} + x^{p−2} + · · · + x^2 + x + 1 = p−1∏ j=1 (x − ı^j ); (4)

ćáě łőàŋĺ łőâőàőčő { áőŕàïęěŋŋëě ł ı { ĺáçěàŕëćăîâáï ŋăąőàőň ı; ı^2; : : : ; ı^{p−1}. Šăłĺň őąàăğőň, áâěŕěŋì àăáèĺàěŋĺï (łàãčőćőčő ŕőńï) Q (ı) ŋăď Q àăćŋă p − 1.

Őâňěâĺň, çâő Q(ı) { ŋőàňăńìŋőě ŕőńě (łăęďőě çĺáńő ćåőďĺâ ć ŕőńě áő ćáěňĺ áćőĺňĺ áőŕàïęěŋĺïňĺ). Ďńï ńîąőčő ff ∈ Q (ı) áãéěáâćãěâ ěďĺŋáâćěŋŋőě ŕàěďáâăćńěŋĺě

ff = a_0 + a_1ı + · · · + a_{p−2}ı^{p−2}; čďě a_0; a_1; : : : ; a_{p−2} ∈ Q : (5)

Ćáě ăćâőňőàäĺğňë ŕőńï Q(ı) áãâì œ_c : ı → ı^c, c = 1; 2; : : : ; p − 1. Ĺå ďěľáâćĺě ŋă ŕàőĺğćőńìŋëľ íńěňěŋâ (5) ŕőńï Q (ı) ĺňěěâ ćĺď

œ_c : ff → ff^{œc} = a_0 + a_1ı^c + · · · + a_{p−2}ı^{c(p−2)}; c = 1; 2; : : : ; p − 1:

Ŋěŕőáàěďáâćěŋŋő ĺğ őŕàěďěńěŋĺï áńěďãěâ, çâő œ_c · œ_c′ = œ_d, čďě d ≡ cc^′ (mod p); őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő œ^{−1}_c = œ_c′ , čďě cc^′ ≡ 1 (mod p). Čàãŕŕă Čăńãă G = Gal(Q(ı)=Q ) = {œ_c : c = 1; 2; : : : ; p − 1} ïćńïěâáï æĺłńĺçěáłőľ: ěáńĺ g { ŕěàćőőąàăğŋëľ łőàěŋì ŕő ňőďãńî p, âő G = ⟨œ_g⟩_{p−1}.

Ďőłăğăâěńìáâćő áńěďãîéěčő ŋěŕàőáâőčő ãâćěàęďěŋĺï ňőęŋő ŋăľâĺ ć łŋĺčě [BS].

Ŕàěďńőęěŋĺě 1. Łőńìæőň æěńëå ŕőńï Q (ı) ïćńïěâáï Z[ı].

Śőčńăáŋő (4) ŕőáńě ŕőďáâăŋőćłĺ x = 1 ćëŕőńŋěŋő

p = p−1∏ j=1 (1 − ı^j ) = (1 − ı)^{p−1} p−1∏ j=1 1 − ı^j 1 − ı

: (6)

Ńěňňă 1. Ďńï ńîąőčő æěńőčő j çĺáńő (1 − ı^j )=(1 − ı) ïćńïěâáï ěďĺŋĺæěľ łőńìæă Z[ı].

Ďőłăğăâěńìáâćő. Ďěľáâćĺâěńìŋő, ďőáâăâőçŋő ďőłăğăâì ãâćěàęďěŋĺě ďńï æěÄ ńëå ŕőńőęĺâěńìŋëå j. Ĺňěěň

1 − ı^j 1 − ı

= 1 + ı + ı^2 + · · · + ı^{j−1} ∈ Z[ı];

1 − ı 1 − ı^j = 1 − ı^{jj′} 1 − ı^j

= 1 + ı^j + ı^{2j} + · · · + ı^{(j′−1)j} ∈ Z[ı];

čďě jj^′ ≡ 1 (mod p). Šăłĺň őąàăğőň, íńěňěŋâ (1 − ı^j)=(1 − ı) őąàăâĺň ć łőńìæě Z[ı] ĺ, ğŋăçĺâ, ïćńïěâáï ěďĺŋĺæěľ.

Śőčńăáŋő ńěňňě 1 áőőâŋőèěŋĺě (6) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě p = ”(1 − ı)^{p−1}, čďě ” ∈ E(Z[ı]), ĺńĺ ŕőáńě ŕěàěåőďă ł ĺďěăńăň

(p) = (1 − ı)^{p−1}:

Ŕàĺ íâőň ĺďěăń (1 − ı) ŕàőáâ, ŕőáłőńìłã Z[ı]=(1 − ı) ≃ Z=pZ ĺ ŕőáńěďŋĺľ őąêěłâ ïćńïěâáï ŋě łőńìæőň, ă ŕőńěň.

Ŕàěďńőęěŋĺě 2. Łőàŋĺ ĺğ ěďĺŋĺæë ć ŕőńě Q(ı) őąàăğãîâ æĺłńĺçěáłãî čàãŕŕã ⟨−ı⟩_{2p}.

Ğăňěçăŋĺě. Łăł áńěďãěâ ĺğ ńěňňë 1 ĺ ŕàěďńőęěŋĺï 2 íńěňěŋâë

±ı^n ·

1 − ı^j 1 − ı

∈ Z[ı]; n; j ∈ Z; (7)

ïćńïîâáï ěďĺŋĺæăňĺ łőńìæă Z[ı]. Ŋă áăňőň ďěńě, ćěàŋő ĺ őąàăâŋőě: čàãŕŕă ěďĺŋĺæ E(Z[ı]) ŕőàőęďăěâáï ňŋőęěáâćőň (7).

Ŕàěďńőęěŋĺě 3. Ŕãáâì q { ŕàőáâőě ŋěçěâŋőě çĺáńő, q ≠ p, ŕàĺŋăďńěÄ ęăéěě ŕőłăğăâěńî f ŕő ňőďãńî p, â.ě. f { ŋăĺňěŋìèěě ŕőńőęĺâěńìŋőě æěńőě, ďńï łőâőàőčő q^f ≡ 1 (mod p). Šőčďă (q) = q_1 · · · q_e, čďě e = (p − 1)=f, ă q_1; : : : ; q_e { ŕàőáâëě ĺďěăńë ć Z[ı]. Ąőńěě âőçŋő, ĺňěěâ ňěáâő àăğńőęěŋĺě

x^{p−1} + x^{p−2} + · · · + x^2 + x + 1 ≡ h_1(x) · · · h_e(x) (mod q);

čďě ćáě ňŋőčőçńěŋë h_1(x); : : : ; h_e(x) ŋěŕàĺćőďĺňë ŋăď F_q ; ŕàĺ íâőň q_j = (q; h_j(ı)), j = 1; : : : ; e.

Ğăňěçăŋĺě. Śàăğã őâňěâĺň, çâő ńîąőňã ŕàőáâőňã ĺďěăńã q ć Z[ı] őâćěçăěâ àőćŋő őďŋő ŕàőáâőě çĺáńő q ∈ Z, ďěńĺâěńěň łőâőàőčő ïćńïěâáï q.

Ńěňňă 2. Ŕãáâì ŕàőáâőľ ĺďěăń q ⊂ Z[ı] ŋě ďěńĺâ p. Šőčďă çĺáńă 1; ı; ı^2; : : : ; ı^{p−1} ŕőŕăàŋő ŋěáàăćŋĺňë ŕő ňőďãńî q.

Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň őâ ŕàőâĺćŋőčő, çâő ı^k ≡ ı^l (mod q) ďńï 0 ⩽ l ¡ k ⩽ p − 1. Šőčďă ı^{k−l} ≡ 1 (mod q), âăł łăł ı^{−l} ∈ E(Z[ı]), őâłãďă

(1 − ı) ·

1 − ı^{k−l} 1 − ı

∈ q: (8)

Ŋő (1−ı^{k−l})=(1−ı) { ěďĺŋĺæă łőńìæă Z[ı] áőčńăáŋő ńěňňě 1, âăł çâő ćłńîçěŋĺě (8) őğŋăçăěâ, çâő 1−ı ∈ q ĺńĺ (1−ı) ⊂ q. Őďŋăłő ŕőáńěďŋěě ćńőęěŋĺě ććĺďã ŕàőáâőâë ĺďěăńă q ŕàĺćőďĺâ, ł p ∈ (p) = (1 − ı)^{p−1} ⊂ q, çâő ŕàőâĺćőàěçĺâ ãáńőćĺî ńěňňë.

Śńěďáâćĺě. Ěáńĺ ff =∈ q | q, q { ŋěçěâŋőě ŕàőáâőě, ć ãáńőćĺïå ńěňňë 2 ĺ æěńőě çĺáńő f őŕàěńěŋő ć ŕàěďńőęěŋĺĺ 3, âő áãéěáâćãěâ ěďĺŋáâćěŋŋőě n, 0 ⩽ n ⩽ p − 1, âăłőě, çâő ff^{(qf −1)=p} ≡ ı^n (mod q).

Ğăňěçăŋĺě. Ŕàĺćěďěŋŋőě áàăćŋěŋĺě ïćńïěâáï ăŋăńőčőň áàăćŋěŋĺï

a^{(q−1)=2} ≡ ( a q ) (mod q)

ďńï áĺňćőńă Ńěęăŋďàă.

Ďőłăğăâěńìáâćő. Őâňěâĺň, çâő ěáńĺ q = q_j ć őąőğŋăçěŋĺïå ŕàěďńőęěŋĺï 3, âő äăłâőàłőńìæő Z[ı]=q_j ≃ F_q [x]=(h_j(x)) ïćńïěâáï ŕőńěň, ĺğőňőàäŋëň F_qf . ŔőÄ íâőňã ŕőàïďőł ńîąőčő íńěňěŋâă ff (mod q) ďěńĺâ ŕőàïďőł ňãńìâĺŕńĺłăâĺćŋőľ čàãŕŕë ŕőńï F_qf , â.ě. ff^{qf −1} ≡ 1 (mod q). Šăłĺň őąàăğőň, p−1∏ n=1 ( a^{(qf −1)=p} − ı^n ) = ff^{qf −1} − 1 ∈ q

ĺ ććĺďã ŕàőáâőâë ĺďěăńă q åőâï ąë őďĺŋ ĺğ ňŋőęĺâěńěľ ć ŕàőĺğćěďěŋĺĺ áńěćă ńěÄ ęĺâ ć q. Őáâăěâáï ğăňěâĺâì, çâő âőńìłő őďĺŋ ĺğ ňŋőęĺâěńěľ a^{(qf −1)=p} − ı^n ∈ q, âăł łăł ćáě íâĺ ňŋőęĺâěńĺ ŕőŕïàŋő ŋěáàăćŋĺňë ŕő ňőďãńî q áőčńăáŋő ńěňňě 2.

Ďńï ńîąőčő ff =∈ q őŕàěďěńĺň ć áőőâćěâáâćĺĺ áő áńěďáâćĺěň ł ńěňňě 2 áĺňćőń ( ff q ) = ı^n:

Ŋěáńőęŋăï ŕàőćěàłă, łăł ĺ ďńï áĺňćőńă Ńěęăŋďàă, ŕőłăğëćăěâ, çâő ĺňěîâ ňěáâő áńěďãîéĺě áćőľáâćă.

Śćőľáâćő 1. Ěáńĺ ff ≡ fi (mod q), âő ( ff q ) = ( fi q ) : Śćőľáâćő 2. Ďńï ńîąëå ff; fi =∈ q ćëŕőńŋěŋő ( fffi q ) = ( ff q )( fi q ) : Łăł ãęě őâňěçăńőáì, äăłâőàłőńìæő F = Z[ı]=q ïćńïěâáï ŕőńěň, ĺğőňőàäŋëň ŕőńî F_qf . Ůěàěğ ~ff ąãďěň őąőğŋăçăâì őąàăğ íńěňěŋâă ff ∈ Z[ı] ŕàĺ ěáâěáâćěŋŋőň ćńőęěŋĺĺ Z[ı] → Z[ı]=q = F . Ŕàĺćěďěŋŋëě ćëèě áćőľáâćă őğŋăçăîâ, çâő őâőąàăÄ ęěŋĺě Ø_q : ~ff → ( ff q )_{−1} (9) ïćńïěâáï åăàăłâěàőň ňãńìâĺŕńĺłăâĺćŋőľ čàãŕŕë F^∗ (â.ě. Ø_q : F^∗ → C^∗ { čőňőÄ ňőàäĺğň).

Ŋăàïďã á ććěďěŋŋëň àăŋěě łőàŋěň ĺğ ěďĺŋĺæë ı = ı_p = e^{2ßi=p} ŋăň âăłęě ŕőÄ ŋăďőąĺâáï ďàãčőľ łőàěŋì ĺğ ěďĺŋĺæë ı_q = e^{2ßi=q}, čďě q { (ěďĺŋáâćěŋŋőě) ŕàőáâőě çĺáńő, ńěęăéěě ć ĺďěăńě q. Őŕàěďěńĺň ďńï åăàăłâěàă (9) čăãááőćã áãňňã S(Ø_q) = ∑ ~ff∈F ∗ Ø_q(ff) · ı^{Tr( ~ff)}_q ∈ Z[ı_p; ı_q]; (10)

čďě Tr(ff) = a_0 +a_1 +· · ·+a_{p−2} ďńï ff = a_0 +a_1ı +· · ·+a_{p−2}ı^{p−2} ∈ Z[ı]. Śőčńăáŋő ńěňňě 2 ĺğ áàăćŋěŋĺï ~ff ≡ ff (mod q); ~ff = ~a_0 + ~a_1ı + · · · + ~a_{p−2}ı^{p−2} ∈ Z[ı];

ĺ æěńőçĺáńěŋŋőáâĺ a_l ; ~a_l áńěďãěâ, çâő ~a_l ≡ a_l (mod q) ďńï łăęďőčő l = 0; 1; : : : ; p−2; ŕőíâőňã Tr(~ff) ≡ Tr(ff) (mod q), â.ě. ćěńĺçĺŋă ı^{Tr( ~ff)}_q ć (10) őŕàěďěńěŋă łőààěłâŋő. Ŋăłőŋěæ, ćłńîçěŋĺě S(Ø_q) ∈ Z[ı_p; ı_q] ŕőńãçăěň ććĺďã Ø_q(ff) ∈ E(Z[ı_p]) ⊂ Z[ı_p] ĺ Tr(~ff) ∈ Z.

Ńěňňă 3. Ŕãáâì ’(q) = S(Ø_q)^p. Šőčďă ’(q) ∈ Z[ı_p].

Ďőłăğăâěńìáâćő. Ţőàőèő ĺğćěáâŋő, çâő

[Q(ı_p ; ı_q) : Q(ı_p )] = [Q(ı_q ) : Q] = q − 1:

İâő őğŋăçăěâ ŋěŕàĺćőďĺňőáâì ňŋőčőçńěŋă x^{q−1} +x^{q−2} +· · ·+x+1 łăł ŋăď Q , âăł ĺ ŋăď Q (ı_p ). Śńěďőćăâěńìŋő, ńîąőľ ăćâőňőàäĺğň ø ∈ Gal(Q(ı_q )=Q) ěďĺŋáâćěŋŋëň őąàăğőň ŕàőďőńęăěâáï ďő ăćâőňőàäĺğňă ^ø ŕőńï Q(ı_p ; ı_q) ŋăď Q, ďěľáâćãîéěčő âőęďěáâćěŋŋő ŋă Q(ı_p ). Łăęďëľ âăłőľ ăćâőňőàäĺğň ^ø őŕàěďěńïěâáï ďěľáâćĺěň ŋă ı_q ĺ ı_p. Ĺňěŋŋő, ěáńĺ ø_c ∈ Gal(Q(ı_q )=Q): ı_q → ı^c_q , âő ^ø_c : ı_q → ı^c_q ĺ ^ø_c : ı_p → ı_p. Ăćâőňőàäĺğňë ^ø_c ŕőàőęďăîâ æĺłńĺçěáłãî čàãŕŕã ⟨^ø_g ⟩_{q−1}, ĺğőňőàäŋãî (Z=qZ)^∗; ğďěáì g { ŕěàćőőąàăğŋëľ łőàěŋì ŕő ňőďãńî q. Ďńï ďőłăğăâěńìáâćă ńěňňë ďőáâăÄ âőçŋő ŕàőćěàĺâì, çâő ŕőàőęďăîéĺľ ăćâőňőàäĺğň ^ø = ^ø_g ŕěàěćőďĺâ ’(q) ć áěąï. Ďěľáâćĺâěńìŋő, ŕàĺňěŋïï ńĺŋěľŋőáâì áńěďă, ŕőńãçăěň

S(Ø_q)^ø = ∑ ~ff∈F ∗ Ø_q(~ff) · ı^{g Tr( ~ff)} q = ∑ ~ff∈F ∗ Ø_q(g)^{−1}Ø_q(g~ff) · ı^{Tr(g ~ff)}_q

= Ø_q(g)^{−1} ∑ ~ff∈F ∗ Ø_q(g~ff) · ı^{Tr(g ~ff)} q = Ø_q(g)^{−1} · S(Ø_q)

ĺ ŕőáłőńìłã ( Ø_q(g)^{−1}

)_p

= (ı^n_p )^p = 1, ŋăåőďĺň

’(q)^ø = ( S(Ø_q)^ø

)_p = S(Ø_q)^p = ’(q):

İâő ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë.

Ćěàŋěňáï âěŕěàì ł àăááňőâàěŋĺî čàãŕŕë ăćâőňőàäĺğňőć G = {œ_c : c = 1; 2; : : : ; p−1} ŕőńï Q(ı_p ) ŋăď Q . Ć ďăńìŋěľèěň ąãďěâ ãďőąŋő àăááňăâàĺćăâì áńěďãîéěě ďěľáâćĺě íńěňěŋâőć ňŋőęěáâćă

Z[G] = {˘ = ˘_1œ_1 + · · · + ˘_{p−1}œ_{p−1} : ˘_1; : : : ; ˘_{p−1} ∈ Z}

ŋă ff ∈ Q (ı_p ): ďńï ˘ ∈ Z[G] ŕőńăčăěň

˘: ff → ff^˘ = p−1∏ c=1 (œ_cff)^{˘c} :

Őŕàěďěńĺň ` = p−1∑ c=1 cœ^{−1}_c = p−1∑ c=1 cœ_c′ ∈ Z[G]; cc^′ ≡ 1 (mod p): (11)

Ŕàěďńőęěŋĺě 4 (áőőâŋőèěŋĺě Ÿâĺłěńìąěàčěàă). Ŕãáâì ŕàőáâőľ ĺďěăń q ďěńĺâ ŕàőáâőě çĺáńő q ≠ p. Šőčďă q^` = ( ’(q) ) . Ďőłăğăâěńìáâćő íâőčő çăáâŋőčő áńãçăï âěőàěňë Ÿâĺłěńìąěàčěàă [Sti] ňőęŋő ŋăľâĺ ć [IR, čń. 14, § 4]. Ć ďăńìŋěľèěň ŋăň ŕőŋăďőąĺâáï áńěďáâćĺě ĺğ ŕàěďńőęěŋĺï 4 (ďăńěě ňë őŕïâì ąãďěň őŕãáłăâì ĺŋďěłá p ć ğăŕĺáĺ ŕàĺňĺâĺćŋőčő łőàŋï ĺğ ěďĺŋĺæë ı = ı_p = e^{2ßi=p}).

Śńěďáâćĺě. Ďńï ńîąőčő ĺďěăńă a ⊂ Z[ı] ĺďěăń a^` ⊂ Z[ı] ïćńïěâáï čńăćÄ ŋëň.

Ďőłăğăâěńìáâćő. Ğăŕĺèěň łăŋőŋĺçěáłőě àăğńőęěŋĺě ĺďěăńă a ć ŕàőĺğćěďěÄ ŋĺě ŕàőáâëå ĺďěăńőć: a = p^{k0} q^{k1}_1 · · · q^{kr}_r , čďě p = (1 − ı) ∋ p (âăł łăł p^{p−1} = (p)), ă ďńï őáâăńìŋëå ĺďěăńőć ććĺďã ŕàőáâőâë ňőęŋő ŕàĺňěŋïâì ŕàěďńőęěŋĺě 4. Šőčďă

a^` = ( (1 − ı)^`

)_{k0} ( q^`_1

)_{k1} · · · ( q^`_r

)_{kr} = ( (1 − ı)

)_{k0} ( ’(q_1)

)_{k1} · · · ( ’(q_r)

)_{kr}

ïćńïěâáï čńăćŋëň ĺďěăńőň łăł ŕàőĺğćěďěŋĺě čńăćŋëå ĺďěăńőć.

Ğăňěçăŋĺě. Ěáńĺ őąàăğ ńîąőčő ĺďěăńă ć Z[ı] ŕőď ďěľáâćĺěň ø ∈ Z[G] ïćńïěâÄ áï čńăćŋëň ĺďěăńőň, âő čőćőàïâ, çâő ø ăŋŋãńĺàãěâ čàãŕŕã łńăááőć ĺďěăńőć Z[ı]. İńěňěŋâ (11) ŋěěďĺŋáâćěŋŋëľ őąńăďăěâ íâĺň áćőľáâćőň. Ć őąőğŋăçěŋĺïå

`^′ = p−1∑ c=1 c p œ^{−1}_c = 1 p ` ∈ Q [G]

(âăł ŋăğëćăěňëľ íńěňěŋâ Ÿâĺłěńìąěàčěàă) ĺ `_n = (œ_n − n)`^′ ďńï n ∈ Z áőÄ čńăáŋő âěőàěňě Ÿâĺłěńìąěàčěàă [Sti] (áň. âăłęě [IR, ŕàěďńőęěŋĺě 15.3.2]) łăęďëľ íńěňěŋâ `_n ńěęĺâ ć Z[G] ĺ ăŋŋãńĺàãěâ čàãŕŕã łńăááőć ĺďěăńőć Z[ı]. Ťăłâĺçěáłĺ ňë ďăńěě ŕőńìğãěňáï íâĺň áćőľáâćőň âőńìłő ďńï ` = −`_p, ć âő ćàěňï łăł ŇĺåăľÄ ńěáłã [Mi1] ŕàĺňěŋïěâ âěőàěňã Ÿâĺłěńìąěàčěàă ć ŕőńŋőň őąêěňě.

Ŋăłőŋěæ, ğăłőŋçĺň ŕőďčőâőćĺâěńìŋãî çăáâì áńěďãîéĺň ŋěáńőęŋëň ŋăąńîďěÄ ŋĺěň. Łăł őąëçŋő, čőćőàïâ, çâő ŕàőáâőě çĺáńő q ∈ Z ŋěàăğćěâćńěŋő ŋăď ŕőńěň K ⊃ Q , ěáńĺ ćáě łőňŕőŋěŋâë ć àăğńőęěŋĺĺ čńăćŋőčő ĺďěăńă (q) ⊂ Z_K ŋă ŕàőáâëě ĺďěăńë ć Z_K ćåőďïâ ć ŕěàćőľ áâěŕěŋĺ; ć ŕàőâĺćŋőň áńãçăě čőćőàïâ, çâő ŕàőáâőě çĺáńő q àăğćěâćńěŋő ŋăď ŕőńěň K. Šăł, ńîąőě ŕàőáâőě çĺáńő q ∈ Z ŋěàăğćěâćÄ ńěŋő ŋăď ŕőńěň Q; áőčńăáŋő ŕàěďńőęěŋĺî 3 ńîąőě ŕàőáâőě çĺáńő q ≠ p âăłęě ŋěàăğćěâćńěŋő ŋăď ŕőńěň Q (ı_p ).

Ńěňňă 4. Ŕãáâì ŕàőáâőě çĺáńő q ŋěàăğćěâćńěŋő ŋăď ŕőńěň K ⊃ Q ĺ ďńï ff; fi ∈ Z_K ĺňěěâ ňěáâő áàăćŋěŋĺě

ff^q ≡ fi^q (mod q): (12)

Šőčďă ff^q ≡ fi^q (mod q^2).

Ďőłăğăâěńìáâćő. Ŕãáâì (q) = q_1 : : : q_e { àăğńőęěŋĺě ć ŕàőĺğćěďěŋĺě àăğńĺçÄ ŋëå ŕàőáâëå ĺďěăńőć ć Z_K, ĺ ŕãáâì q_j { ŕàőĺğćőńìŋëľ ňŋőęĺâěńì ć íâőň ŕàőĺğćěÄ ďěŋĺĺ. Šőčďă ff^q ≡ fi^q (mod q_j) (13)

áőčńăáŋő (12). Ŕőłăęěň, çâő ff^q ≡ fi^q (mod q^2_j ): (14)

Ěáńĺ ff ∈ q_j , âő fi ∈ q_j áőčńăáŋő (13) ĺ, áńěďőćăâěńìŋő, ff^q ≡ fi^q (mod q^q_j ). Ŕőíâőňã áçĺâăěň ff =∈ q_j . Ğăŕĺáëćăï fi = ff + ¸ ć Z_K ĺ ŕőďáâăćńïï ć (12), ŋăåőďĺň

ff^q ≡ fi^q ≡ ff^q + ¸^q (mod q_j);

őâłãďă ¸ ∈ q_j. Šăłĺň őąàăğőň,

fi^q = (ff + ¸)^q = ff^q + qff^{q−1}¸ + ˚¸^2; ˚ ∈ Z_K;

őâłãďă ććĺďã ďěńĺňőáâěľ q_j | q ĺ q_j | ¸ ŕőńãçăěň áàăćŋěŋĺě (14). ŐłőŋçăâěńìÄ ŋő, ććĺďã ŕőŕăàŋőľ ćğăĺňŋőľ ŕàőáâőâë ĺďěăńőć q_1; : : : ; q_e ĺ, ğŋăçĺâ, q^2_1; : : : ; q^2_e ĺğ áàăćŋěŋĺľ (14) ŋăåőďĺň

ff^q ≡ fi^q (mod q^2_1 · · · q^2_e = q^2);

çâő ĺ âàěąőćăńőáì.

Ďőłăğăâěńìáâćő âěőàěňë 1. Śőčńăáŋő âěőàěňě Łăááěńáă p | y, őâłãďă x^p ≡ x ≡ 1 (mod p) ĺ

x^p − 1 x − 1

= pu^q; (15)

x − 1 = p^{q−1}v^q; (16) y = puv; (u; pv) = 1:

Ĺáŕőńìğãï àăğńőęěŋĺï (4), (6), ŕěàěŕĺèěň àăćěŋáâćő (15) ć ćĺďě p−1∏ j=1 x − ı^j 1 − ı^j

= u^q: (17)

Ŕàěďáâăćńěŋĺě x = 1 + pt, t ∈ Z, ŕàĺćőďĺâ ł ćłńîçěŋĺïň

x − ı^j 1 − ı^j = 1 + pt − ı^j 1 − ı^j

= 1+t p 1 − ı^j

= 1+t p−1∏ k=1 k≠j

(1−ı^k) ∈ Z[ı]; j = 1; 2; : : : ; p−1:

(18) Łàőňě âőčő, çĺáńă ć (18) ŕőŕăàŋő ćğăĺňŋő ŕàőáâë, âăł łăł

x − ı^j 1 − ı^j − 1 − ı^k 1 − ı^j · x − ı^k 1 − ı^k = ı^k − ı^j 1 − ı^j

; 1 ⩽ j ¡ k ⩽ p − 1;

ă çĺáńă 1 − ı^k 1 − ı^j ; ı^k − ı^j 1 − ı^j

= −ı^j

1 − ı^{k−j} 1 − ı^j

; 1 ⩽ j ¡ k ⩽ p − 1;

ć áőőâćěâáâćĺĺ á ńěňňőľ 1 ïćńïîâáï ěďĺŋĺæăňĺ łőńìæă Z[ı]. Śńěďőćăâěńìŋő, áőÄ čńăáŋő (17) ďńï łăęďőčő j = 1; 2; : : : ; p − 1 ĺďěăń ć Z[ı], ŕőàőęďěŋŋëľ íńěňěŋâőň (x − ı^j )=(1 − ı^j ), ïćńïěâáï âőçŋőľ q-ľ áâěŕěŋìî. Ć çăáâŋőáâĺ (ďńï j = 1), ( 1 − ı^{−1}x 1 − ı^{−1} ) = ( x − ı 1 − ı ) = a^q: (19)

Śőčńăáŋő áńěďáâćĺî ĺğ ŕàěďńőęěŋĺï 4 ćëŕőńŋěŋő a^` = (ff) ďńï ŋěłőâőàőčő ff ∈ Z[ı], őâłãďă ć áőőâćěâáâćĺĺ á (19) ŕőńãçăěň ( 1 − ı^{−1}x 1 − ı^{−1}

)_`

= ”ff^q;

čďě ” { ěďĺŋĺæă łőńìæă Z[ı], ĺńĺ

(1 − ı^{−1}x)^` = (1 − ı^{−1})^`”ff^q: (20)

Ŕőńőęĺň ˘ = (1 − ı^{−1})^` = (1 − —ı)^` ĺ ğăňěâĺň, çâő |˘”| = |˘”|. Ŕőíâőňã ȷ = ”˘=”˘ ∈ Q(`) ãďőćńěâćőàïěâ ãáńőćĺî |ȷ| = 1, â.ě. ȷ = (−ı)^t ďńï ŋěłőâőàőčő æěńőčő t áőčńăáŋő ŕàěďńőęěŋĺî 2. Ććĺďã ŕàőáâőâë (ğŋăçĺâ, ĺ ćğăĺňŋőľ ŕàőáâőÄ âë) çĺáěń p; q çĺáńő t ňőęěâ ąëâì ŕàěďáâăćńěŋő ć ćĺďě t = pm + qn. Šőčďă ȷ = (−ı)^{pm+qn} = (−1)^{pm}(−ı)^{qn} = (−1)^{qm}(−ı)^{qn} = ffi^q á ffi ∈ ⟨−ı⟩_{2p} ⊂ E(Z[ı]), čďě ňë âăłęě ćőáŕőńìğőćăńĺáì ŋěçěâŋőáâìî çĺáěń p; q. Šăłĺň őąàăğőň, àăćěŋáâćő (20) ĺ áőŕàïęěŋŋőě ł ŋěňã ŕàĺŋĺňăîâ ćĺď

(1 − ı^{−1}x)^` = ”˘ff^q; (1 − ıx)^` = ”˘—ff^q = ”˘(ffi —ff)^q: (21)

Őąőğŋăçĺň âěŕěàì çěàěğ q ⊂ Z[ı] ŕàőĺğćőńìŋëľ ŕàőáâőľ ďěńĺâěńì çĺáńă q. ŔőÄ áłőńìłã

(1 − ı^{−1})^{œc} = 1 − ı^{−c} = (1 − ı) ·

1 − ı^{−c} 1 − ı

; c = 1; 2; : : : ; p − 1;

ŕàĺçěň (1 − ı^{−c})=(1 − ı) ∈ E(Z[ı]) áőčńăáŋő ńěňňě 1, ćëŕőńŋěŋő

˘ = (1 − ı^{−1})^` = ”^′ · p−1∏ c′=1

(1 − ı)^{c′} = ”^′ · (1 − ı)^{p(p−1)=2}; ”^′ ∈ E(Z[ı]):

Śńěďőćăâěńìŋő, ”˘ =∈ q. Ćőáŕőńìğãěňáï àăćěŋáâćăňĺ (21) ĺ ďěńĺňőáâìî q | x, ćëâěłăîéěľ ĺğ âěőàěňë Łăááěńáă: ”˘ ( ff^q − (ffi —ff)^q ) = (1 − ı^{−1}x)^` − (1 − ıx)^` ≡ 1 − 1 ≡ 0 (mod q);

őâłãďă ff^q − (ffi —ff)^q ≡ 0 (mod q). Śőčńăáŋő ńěňňě 4 ŕőáńěďŋěě áàăćŋěŋĺě ŕàĺŋĺňăěâ ćĺď ff^q − (ffi —ff)^q ≡ 0 (mod q^2) ĺ, ğŋăçĺâ,

(1 − ı^{−1}x)^` − (1 − ıx)^` = ”˘ ( ff^q − (ffi —ff)^q ) ≡ 0 (mod q^2): (22)

Ś ďàãčőľ áâőàőŋë,

(1−ı^{−1}x)^` ≡ 1−x p−1∑ c=1 cı^{−c′} (mod q^2); (1−ıx)^` ≡ 1−x p−1∑ c=1 cı^{c′} (mod q^2); (23) čďě ňë ćŋőćì ćőáŕőńìğőćăńĺáì ďěńĺňőáâìî q | x. Šăłĺň őąàăğőň, áàăćŋěŋĺï (22) ĺ (23) őğŋăçăîâ, çâő

x p−1∑ c=1 c(ı^{c′} − ı^{−c′} ) = x p−1∑ c=1 c(ı^{c′} − ı^{p−c′} )

ďěńĺâáï ŋă q^2. Ěáńĺ ŕàěďŕőńőęĺâì, çâő q^2 ∤ x, âő

fi = p−1∑ c=1 c(ı^{c′} − ı^{p−c′} ) ∈ Z[ı] (24)

ďěńĺâáï ŋă q. Ůĺáńő fi ć (24) ŕàěďáâăćńěŋő łăł ňŋőčőçńěŋ áâěŕěŋĺ ŋě ćëèě p−1 őâ ı; łăł áńěďãěâ ĺğ ńěňňë 2, ďěńĺňőáâì q | fi őğŋăçăěâ, çâő łőíääĺæĺěŋâ ŕàĺ łăęďőľ áâěŕěŋĺ ı ć (24) ďěńĺâáï ŋă q. Ć âő ęě ćàěňï c^′ = 2 ďńï c = (p + 1)=2 ĺ c^′ = p − 2 ďńï c = (p − 1)=2, őâłãďă łőíääĺæĺěŋâ ŕàĺ ı^2 ć (24) àăćěŋ (p + 1)=2 − (p − 1)=2 = 1. Ŕőíâőňã ŕàěďŕőńőęěŋĺě q^2 ∤ x ŋěćěàŋő, â.ě. q^2 | x.

Śőčńăáŋő (16), ďěńĺňőáâĺ q | x ĺ ňăńőľ âěőàěňě Ťěàňă ćëŕőńŋěŋő

v^q ≡ p^{q−1}v^q = x − 1 ≡ −1 ≡ (−1)^q (mod q);

őâłãďă ć áőőâćěâáâćĺĺ á ńěňňőľ 4 ŕőńãçăěň v^q ≡ (−1)^q (mod q^2). Şçĺâëćăï âěŕěàì ãáâăŋőćńěŋŋãî ďěńĺňőáâì q^2 | x, őłőŋçăâěńìŋő ŋăåőďĺň

p^{q−1} ≡ −p^{q−1}v^q = −(x − 1) ≡ 1 (mod q^2):

Šěň áăňëň, áőőâŋőèěŋĺï (2) ĺ, áńěďőćăâěńìŋő, âěőàěňă ďőłăğăŋă ŕőńŋőáâìî.

Śŕĺáőł ńĺâěàăâãàë

[BS] Ąőàěćĺç Ğ. Ĺ., Ÿăäăàěćĺç Ĺ. Ř. Šěőàĺï çĺáěń. 2 ĺğď. Ň.: Ŋăãłă, 1972. [In] Inkeri K. On Catalan’s conjecture // J. Number Theory 1990. V. 34. P. 142{152. [IR] Ăľěàńíŋď Ł., Řőãğěŋ Ň. Łńăááĺçěáłőě ććěďěŋĺě ć áőćàěňěŋŋãî âěőàĺî çĺáěń. Ň.:

Ňĺà, 1987; Ireland K., Rosen M. A classical introduction to modern number theory. Graduate Texts in Math. V. 87. New York{Heidelberg{Berlin: Springer, 1982.

[Mi1] Mih–ailesku P. A class number free criterion for Catalan’s conjecture // J. Number Theory (to appear).

[Mi2] Mih–ailesku P. Primary cyclotomic units and a proof of Catalan’s conjecture. (subÄ mitted).

[ON] O’Neil T. Improved upper bounds on the exponents in Catalan’s equation 1995. (manÄ uscript).

[Sch] Schwarz W. A note on Catalan’s equation // Acta Arith. 1995. V. 72. P. 277{279. [St] Steiner R. Class number bounds and Catalan’s equation // Math. Comp. 1998. V. 67.

ò223. P. 1317{1322.

[Sti] Stickelberger L. -Uber eine Verallgemeinerung von der Kreistheilung // Math. Ann.

1890. V. 37. P. 321{367.

[Wa] Washington L. C. Introduction to cyclotomic ˛elds. New York: Springer-Verlag 1982.